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Abstract A k-regular graph is Ramanujan if its second largest eigenvalue (by
magnitude) has magnitude less than or equal to 2+/k — 1. Exhaustive search up to
the bound of 138 vertices, derived from Spielman and Teng’s work on graph partition-
ing, finds all cubic polyhedral Ramanujan graphs with positive curvature, i.e., with
face sizes no larger than 6. Of all such polyhedra, those with face sizes 5 or 6, i.e.,
fullerenes, give the largest known examples of cubic Ramanujan polyhedra (with 84
vertices). We also consider the notions of negative and positive Ramanujan graphs,
as those without eigenvalues in the respective open intervals (—k, —2+/k — 1) and
(2+k — 1, k). Our results give the full list of positive cubic polyhedral Ramanujan
graphs with positive curvature but for negative Ramanujan graphs we have only a
finiteness theorem and a conjectured complete list.

Keywords Graph theory - Eigenvalues - Ramanujan graphs - Polyhedra

1 Introduction

A k-regular graph on n vertices is a Ramanujan graph if the second largest (in absolute
value) eigenvalue A of its adjacency matrix obeys
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Al <2vk — 1.

Ramanujan graphs are of interest in several contexts, including the theory of expander
graphs for network design [1-3]. There is specific interest in planar Ramanujan graphs
[4], and the program GRAFFITI [5] has produced some conjectures for the cubic poly-
hedral graphs known as fullerenes. A fullerene is a cubic polyhedral graph with face
sizes five and six only. The fullerenes are of interest in chemistry as the skeletons of
carbon cage molecules such as Cgg [6]. Fullerenes that are Ramanujan graphs have
been called ramafullerenes [5] and by analogy we will use the term (cubic) ramapoly-
hedra for (cubic) polyhedral Ramanujan graphs. Computational search [7] of small
fullerenes, motivated by the GRAFFITI results, found ramafullerenes from 20 to 84
vertices. It was conjectured on the basis of explicit search up to 100 vertices that there
were no ramafullerenes with more than 84 vertices. The two 84-vertex ramafullerenes
are apparently still the largest known planar Ramanujan graphs; see [4] and “About
the cover” in the same issue of Notices of the AMS.

The separator theorem of Lipton and Tarjan [8] and its improvements by Alon, Sey-
mour and Thomas [9] provide an upper bound of 875 vertices on cubic Ramanujan
graphs, but this is well beyond the capabilities of published methods for fullerene enu-
meration [10]. In the present work, we take advantage of a recent result of Spielman
and Teng [11], which brings the bound for cubic Ramanujan graphs down to 138 ver-
tices, to (i) prove the completeness of the list of ramafullerenes in [7], and (ii) count
the Ramanujan graphs within all 19 classes of cubic polyhedra with positive curvature
(i.e., those with no face of size larger than six). The 19 classes arise from the different
characteristic triples (p3, p4, ps) compatible with the Euler relation for cubic graphs,
> .(6—r)p, = 12, where p, is the number of faces of size 7. By Eberhard’s theorem
(See [12]), all 19 classes are realisable for some values of pe. The largest Ramanujan
graphs within each class are illustrated.

A graph with no eigenvalue in (—k, —2+/k — 1), (2+/k — 1, k) is called negative,
respectively positive Ramanujan. The upper bound of 138 applies as well to positive
cubic Ramanujan graphs. For negative Ramanujan graphs, we prove finiteness of
the list as part of a general theorem that says that there are only a finite number of
(p3, pa, p5)-graphs whose eigenvalues are not contained in an interval (a, b) with
—3 < a < b < 3. So, we have the complete list of positive Ramanujan graphs but
only a conjectured list of negative Ramanujan graphs.

2 Bounds

The n adjacency eigenvalues of a k-regular graph, arranged in non-increasing order
are +k = A1 > Ay > A3 > --- > A, > —k. The separator of a k-regular graph G
is sep(G) = k — A2. A Ramanujan graph (‘ramagraph’) is a finite regular graph of
degree k for which all eigenvalues (other than +k) have magnitude at most 2+/k — 1.
Ramanujan k-regular graphs are therefore those with one eigenvalue A1 = +k, pos-
sibly one eigenvalue X, = —k (if and only if the graph is bipartite), and all other
X; such that |A;] < 24/k — 1. Following [7], we call here positive (respectively neg-
ative) ramagraphs those that have no eigenvalues in the open interval 2+k — 1, k),

@ Springer



J Math Chem (2011) 49:843-858 845

respectively (—k, —2+/k — 1). Clearly, a graph is Ramanujan if and only it is both a
positive and a negative ramagraph.

The first result used is the Lipton Tarjan theorem (see [8,13]), which has been
applied in many algorithmic contexts [14]. The version presented below is an improve-
ment due to Alon, Seymour and Thomas [9].

Theorem 2.1 [9] If G is a planar graph, then there exists a cycle F of length n3, that
separates G into two patches Py and P, with n1 and ny vertices, satisfying

ny 2n n3y 2n 342n
n1+7§?, n2+?§? and n3 < >

Theorem 2.2 [15] If G is a k-regular graph and { B, C} is a partition of its vertex set,
then

B|.|IC
e(B,C) = SeP(G)M
n
with e(B, C) the number of edges between B and C.
From this we derive:
Theorem 2.3 If G is a positive cubic ramapolyhedron then G has at most 875 vertices.

Proof Take a partition from 2.1. Every vertex of the cycle F' is adjacent to one vertex
in P or P». Denote by n; the number of vertices of F adjacent to P;. There exists i,
say ip = 1, such that n; < n3/2. The partition chosen is then B = P;, C = F U P,.
From Theorem 2.2, we have

32
¢(B,C) =n; < 4”.

From the equations of Theorem 2.1 we have

2 2 342
IBIS?H and |C|=nz+nas§+ 4”.

Since |C| = n — | B|, by writing f(x) = x(n — x) we obtain

|BLIC| = f(IB]) = min [f (2?") ’ f(% _ 3{‘%)] _ f(g - 33?).

By using sep(G) > 3 — 2+/2 and Theorem 2.2, we obtain after a simple search the
upper bound of 875 vertices. O

The above result implies finiteness of the set of cubic Ramanujan planar graphs;
finiteness without an explicit bound was already proved in the minuteman section of
[5]. In fact, a tighter upper bound for cubic polyhedra can be derived from the work
of Spielman and Teng on graph partitions [11].
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Theorem 2.4 If G is a positive cubic ramapolyhedron then G has at most 138 vertices.

Proof The fact that G is a positive cubic ramapolyhedron implies sep(G) > 3 —2+/2.
However, in [11] it is proved that planar graphs with degree k and n vertices have

8k
sep(G) < —
n

hence, n < 139.8 and the bound follows. O

In fact, it turns out that this upper bound is still rather pessimistic. The derivation in
[11] relies on a circle-packing argument on the 2-dimensional sphere, i.e., that there
is a packing of disks on the sphere and so the density is bounded by 1.

Below we give a general finiteness result that applies to any interval of the spectrum
at the price of not giving an explicit bound on the maximal number of vertices and
being restricted to graphs of positive curvature. By (63) we denote the infinite tessel-
lation of the plane by hexagons. A p-patch is an hexagon with p-rings of hexagons
added around it. A g-nanotube is a quotient of (6%) by the group generated by one
translation, with g being the girth of the obtained map. A (p, g)-nanotube is a section
of length p of a g-nanotube.

Lemma 2.5 For any characteristic triple (p3, p4, ps) and number p there exists a
number Ng such that any 3-valent plane graph of characteristic (p3, pa, ps5) with
more than Ny vertices contains either a p-patch or a (p, g)-nanotube.

Proof Take a graph G with characteristic triple (p3, p4, ps). Suppose that every hex-
agonal face is within r faces of a face with less than 6 sides. Then the graph is covered
by the p3 + p4 + ps disks of radius r centered at those sub-hexagonal faces. Hence the
total number of faces is bounded and the number of vertices as well. So, if the number
of vertices is large enough, then G contains an hexagon F such that the faces in the set
‘H of all faces within distance r of F are hexagons. If H does not self intersect then it is
a patch and we are done. Otherwise, this self-intersection gives a path P of faces that
splits G into two components C| and C,. Denote by Curv; = ZFGC)i (6 —I(F)) the
sum of the curvatures of the faces in C;. If Curvy < 6 then Curv, > 6 and this means
that the girth of H varies and increases when one moves towards the faces of non-zero
curvature in C». So G contains a patch also in this case. If Curv; = Curvy = 6 then
‘H is a nanotube itself and we are done. O

There is a way to describe the classes of characteristic (p3, p4, p5) by means of
p3 + pa + p5 — 2 complex parameters [16]. The parameterizations are not unique
and are acted on by a group. The quotient of the set of possible parameters by the
group generated by the equivalence transformation (called the monodromy group in
[17]) is a non-compact topological space, which corresponds to the cubic polyhedra
of characteristic (p3, p4, ps). The directions in which it is non-compact correspond
exactly to the partitions of the set of faces of non-zero curvature into two sets with
sum of curvature 6 ([16], p. 533). One could also prove the above lemma by using this
theory.
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Theorem 2.6 IfI = [a, b]witha < bis aninterval contained in [—3, 3] and (p3, pa,
ps) is a characteristic triple then there is a finite number of graphs of positive curvature
having no eigenvalues in I.

Proof In [18] the spectrum of toroidal fullerenes is determined. Denote by A3, the
infinite adjacency matrix of (6°). Since the spectrum of A 3y is entirely essential (see
[19]) and equal to [—3, 3] [18] for every A € [—3, 3] there exists an eigenvector f; of
A3y with | f5.(v)| = 1 for any vertex v. Let us now take one hexagon of (6®) and a
surrounding p-patch G . Denote by f; , the function defined by taking

| fiw) if v e Gy,
Frr®=1""0 it v ¢ G,

The L2-norm of f; p will be proportional to the area of G, and thus of order p?, while
the L?-norm of A3y fo.p — Mfa.p is estimated by the perimeter of G, and hence of
order p. We now define g, , = fi,p/ll fi,p|l and find

lgrpll =1 and — lim fA@38.p = Afa.pll = 0.

For nanotubes we proceed in a similar way. Their spectrum is determined in [20] and
instead of a p-patch we take a (p, g)-nanotube. The norm of f; , will be proportional
to p and [|A(g3) 85, p — A2, p |l Will be bounded. Now let us take an interval I = [a, D]
and A € I.If A is a symmetric n x n-matrix with eigenvalues (Ap)1<p<, having no
eigenvalue in [ then, if || f|| = 1, we have

IAf = AfI> = ((A = Ad)* f, f)
= Z [yGp = 1)
> mm{<a -2 (b -1} Z f
> min {(a —1)2, (b — A)z}

Thus, if we can find vectors with [|[Af — Af|| sufficiently small, then we will have
proved that there is an eigenvalue in /.

In summary, by Lemma 2.5 if the number of vertices of a graph G of characteristic
(p3, p4, ps5) is large enough, then it contains a p-patch or a (p, g)-nanotube. But if
G has such a structure for p large then for the adjacency matrix A of G there is a
vector f of norm 1 with ||Af — Af|| small which is clearly impossible by the above
estimation. O

In particular, there are only a finite number of (p3, p4, ps)-graphs that are negative

Ramanujan, although we have not obtained an explicit bound. Based on the compu-
tations it seems reasonable to expect that we have found the complete list of negative
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Ramanujan cubic polyhedra, with faces of size at most 6, although we have no proof
of this.

3 Enumeration of graphs

By the previous theorems, it is possible to complete the enumeration of (p3, pa, ps)-
ramagraphs by checking adjacency spectra of all cubic polyhedra with positive poly-
hedra up to the limit of 138 vertices. The graphs were constructed using the CPF
program, for which the algorithm is explained in [21]. For (4, 0, 0)-graphs, there is an
explicit description of the possible eigenvalues [18]. For other graphs, we had to use
numerical techniques to compute the eigenvalues. We used the Jacobi method which
is known for its high accuracy [22], Chapter 14. However since we want exact results,
this is not sufficient a priori. We choose a generous error limit of € = 107 and if all
eigenvalues (excluding +3) A satisfy [A| < 2+/2 — € we conclude that the graph is
Ramanujan. If one eigenvalue (excluding +3) has |A| > 242 + €, then we conclude
that the graph is not Ramanujan. If neither condition is satisfied then we resolve the
case by an exact algebraic computation using determinants, which fortunately we do
not have to do very often.

In fact, although the number is finite, there are many 3-valent Ramanujan graphs. As
a consequence we tabulate some overall counts but draw only the maximal examples
in each class. We also give the number of graphs in each class in Tables 1, 2 and 3. We
did not find any (p3, pa, p5)-graph whose largest or smallest eigenvalue (excluding
+3) is 2+/2 or —2+/2. Note that a 3-regular 20-vertex but non-planar graph with these
eigenvalues is found in [23], which answers a question of [24].

@

(0,0,12), Ty, 84 (0,0,12), Dog, 84 (0,1,10), Cy, 74

@ ® @

(0,1,10), Cy, 74 (0,2,8), Cy, 70 (0,2,8), C1, 70

(0,2,8), Cy, 70 (0,2,8), Cy, 70 (0,2,8), Cy, 70
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(07218)7 027 70
(0,2,8), C1, 70 (0,2,8), Cs, 70 (0,3,6), Cs,, 70
(0,4,4), Sy, 52 (0,4,4), Dy, 52 (0,5,2), Cyy, 26

(0,5,2), Ca, 26 (0,6,0), O, 72 (0,6,0), Ca, 72

@@ 8

(0,6,0), D3, 72 (0,6,0), Dsq, 72 (0,6,0), Dq, 72

@ @

(1,0,9), Cy, 72

@ @

(1,0,9), Cy, 72

(17079)7017 72 (17079)7017 72

@ @ @

(1,0,9), C1, 72 (1,0,9), Csy, 72 (1,1,7), C1, 70
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(1,1,7), C1, 70 (1,1,7), C1, 70 (1,2,5), C1, 68
@ P o B e
120 01,68 133 03,60 141 01,30
A
(1,4,1), Cs, 30 (2,0,6), Co, 72 (2,1,4), Cy, 66
&Y & e
2,1,4 Cq, 66 2,1,4 Cq, 66 2 1, 4 01,6
@ B o o e B
(2,2,2), Oy, 58 (2,3,0), Cs, 34 (3,0,3), C1, 62
& @ G D E A
303 C1, 62 303 C1, 62 303 , Cy, 62
@@@@@@
303 Csy, 3,1,1 Cl 44 311 Cs, 44
& D P &P
3,1,1 CS,44 311 01,44 311 CS,44
& &
(4,0,0), Ty, 64
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